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Introduction
Let M be a manifold with a flow, such that every orbit is a circle. We address ourselves to the following question: Is the time-of-first-return function locally bounded? An equivalent question is: Is the length of the circular orbits a locally bounded function? (See Epstein [3] for a discussion of the consequences of an affirmative answer, and for other equivalent statements.) The Periodic Orbit Conjecture was the conjecture that the answer is affirmative for all such flows on compact manifolds. This conjecture is known to be false (Sullivan [5] and [6] ).
An analogous question was first tackled by Reeb in his thesis [4], where
it arose as a natural part of the investigation of stability (the Reeb Stability Theorems). Here the flow is replaced by a foliation. The condition, that each orbit should be a circle, becomes the condition that each leaf is compact.
The question now is: Is the volume of the leaf a locally bounded function?
In codimension one, Reeb shows how the concept of holonomy leads to an affirmative answer, since, if everything is oriented, the volume of the leaf is a continuous function. Reeb gave an example of a foliated noncompact manifold, in which every leaf is compact, and the volume of the leaf is a locally unbounded function. Epstein [2] produced a real analytic flow on a non-compact 3-manifold with locally unbounded time-of-first-return function. However Epstein [2] shows that on a compact 3-manifold, the time-of-first-return function must be bounded. By modifying the proof in [2] , this result has been extended to foliations of codimension two, such that each leaf is compact (see Edwards, Millett, and Sullivan [1] or Vogt [7] ). The methods used to obtain this affirmative answer in codimension two are intricate and for some time after the publication of [2] , it seemed * During part of this work the second author was a visitor at the University of Mary- That is to say, we produce a flow on a compact 4-manifold, in which each orbit is a circle, and the circles have unbounded length. Moreover we improve on the analyticity of Thurston's example; ours is polynomial. Our compact 4-manifold M is the inverse image of 0 under a polynomial map F: R7 --R3, and 0 is a regular value for F. Our vector field, generating the flow, is given by polynomials defined on the whole of R7. (Note that the flow itself can not possibly be given by polynomials, because a polynomial cannot be periodic with respect to any variable.)
In [6] , Sullivan gives some plausibility arguments due (jointly) to
Epstein and Hirsch, to show that a flow on a compact 4-manifold, with every orbit a circle, cannot have a bad set which is a manifold. (The bad set is the set on which the time-of-first-return function is locally unbounded.)
A rigorous proof of this is lacking. In the present paper, the bad set is the union of four 3-spheres and four 2-dimensional tori. UI + u2. If we happen to be in a situation where a well-behaved 0 is part of the data, these constructions will obviously be more natural than previously defined methods of doubling or spinning.
Finding the example-a qualitative description
In order to make the various features of our example comprehensible, The most naive thing to do is to take a 2-dimensional disk D in the plane, with a circular flow of the form (r, 0, t) --+ (r, 0 + to(r)). Then the orbits are circles C7 of radius r. We throw away a small disk around the origin, because the origin is a fixed point, and we obtain an annulus A. In and not a circle, as we require.
Second attempt. We multiply the "horizontal" annulus A by a "vertical" circle S, and arrange for the flow to have, in addition to the flow already described, a constant vertical component. Then the orbit through a point lying over C1 will be just a copy of the circle S.
Second attempt fails. Over the circle Cr, we have a torus Cr x S which is invariant under the flow. The flow on this torus is linear, and the slope is vertical for r = 1. For r <1 the slope is not vertical. Therefore the slope must be irrational for some value of r, and the orbit is not a circle.
The third attempt. We need a better idea to force orbits to be closed:
That idea is syqmmetry. We construct a field of vectors v(x) on A(x C A) tangent to S. In Figure 2 , these vectors are drawn, for convenience, as if they were tangent to A, but in fact they are tangent to S, and orthogonal to A.
FIGURE 2
Since S = R/Z, the vectors all lie in a 1-dimensional space. We require any movement in the vertical direction to be cancelled out by an equal and opposite movement at a later time. Explicitly, we assume that the velocity along Cr in the horizontal direction depends only on r, and not on 0. We also Therefore the flow is stationary over the two points (1, 0) and (-1, 0) in A.
However, we may take heart from the fact that we now have an ex- of-first-return function is not only unbounded (which is trivial to arrange on a non-compact manifold), but also locally unbounded on C1.
Fourth attempt. We retain the symmetry v(x) = -v(-x), but we insist that v should never be zero. In order to achieve this, we replace Figure 2 by Figure 3 , which has yet to be made meaningful. This is done by Fourth attempt fails. Over a given point of C1, the flow on the torus T is the projection of the flow on R2 along lines of a fixed slope. As the slope varies, the flow on T will vary through an irrational flow, and then the orbits are not circles.
Fifth attempt (success). We give a rough description at this point: In later sections of the paper we will be very precise.
We have a parametrized family of tori, one for each point of A. We use the symbols u and w to denote coordinates in R2, so that (u, w) is a typical point. The idea is to let the tori, which we write as Su x Sf (x C A), vary in size. Here Su and Sw are circles. Now if we insist that for each x x A we obtain a true torus, then the slope of v(x) on C1 will be frozen at a constant rational value, making v(x) = -v(-x) impossible. However, if
we allow the radius of one of the circles, say Su, to shrink down so as to be zero along an arc Q of C1, and if the vector v(x) always has a non-zero component in the w-direction, for x in Q, then we get a well-defined flow on the space thus described. Moreover the slope of v(x) will be unfrozen within In order to convince oneself that the union of such parametrized tori gives a manifold, rather than a manifold with a singularity, we contemplate the construction called spinning, due to E. Artin. If we take a rectangle and spin it around one edge, we get a solid cylinder. The edge becomes the axis of the cylinder, and disappears into the interior of the solid cylinder.
The other three boundary edges spin to produce new boundary pieces, each of dimension two. As a point on the rectangle moves nearer to the axis, the circle it generates becomes smaller, until the circle actually shrinks to a point, when the axis is reached. taneously around the arcs Q2 and Q6, thus generating the circles Su which shrink down to zero radius precisely on Q2 and Q6. We also spin simultaneously around Q4 and Q8, thus generating the circles SW, with zero radius precisely on Q4 and Q,. This construction gives a 4-manifold with five boundary components, corresponding to Q1, Q3, Q5, Q7 and the interior circle of the annulus. We double the manifold to remove the boundary.
This completes the qualitative description of the flow. Off C1, orbits are circles because of the symmetry v(x)= -v(--x). Over Q1, Q3, Q5, and Q7, where the inverse image of a point is a torus, the flow on the torus has slope ?1, so every orbit is a circle. Over Q2, Q4, Q6, and Q,, where the inverse image of a point is a circle (or two circles, because of doubling), the orbit is equal to that circle.
The part of the manifold over Qj, for i = 1, 3, 5 or 7, is a 3-sphere. The part over Qj, for i = 2, 4, 6 or 8, is a 2-dimensional torus, obtained by doubling an annulus.
The time of first return function is locally unbounded at points of C1, because it is equal to 27w/'(r) or Cr if r < 1, as described above in the first attempt.
Finding the equations for the manifold
We now show how to translate the informal description of Section 2 into polynomial formulas. We note that analytic continuation prevents different types of phenomena from occurring along the eight arcs of a round circle,
FIGURE 5
This content downloaded from 146. x -y= ?3, as shown in Figure 5 .
We replace the radius function by (3.1) *(x, y) = (2-x)(2 + x)(2-y)(2 +y)(3 + x + y)(3-x-y)(3-x +y)(3 + x-y).
We define D = {(x, y): -2 x < 2,-y2 < _ 2, -3 X + y _ 3, -3 x X-y _ 3}.
On int D, 2 > O. Proof.
V(x, y) (4 -x2)(4 -y2)(9-(x + y)2)(9 (x -))
Differentiating along R we obtain four non-positive terms, with at most one being zero. The lemma follows.
We define A to be the annulus A =D n {(x, y): +(x, y) < 1}
The spinning operations are performed as follows. We work in R6, with variables (x, y, u1, u2, wl, w2), and we consider the subset of R6 consisting of points (x, y, u1, u2, w1, w2) with (x, y) e A and satisfying the equations The projection of this subset onto A has the properties required. Namely, the inverse image of a point of Q2 or Q6 is a circle in the w-plane; the inverse image of a point in Q4 or Q8 is a circle in the u-plane; and the inverse image of any other point of A is a torus.
We now perform the doubling operation. We add another variable z, so that we are working in R7, subject to the additional condition The effect of these equations is that every point of our subset in R6 gives rise to two distinct points in R7, corresponding to the two solutions for z, except that if AP(x, y) = 1, or if (x, y) e Q, U Q3 U Q5 U Q7, we obtain only one point in R7.
Rigorous description of the 4-manifold
Let ;(x, y, un, U2, w1, w2, z) e R7. We define F: R7---> R3 as the polynomial function given by the formulas We now suppose that (x, y) X A, and obtain a contradiction. By applying the symmetries x -->-x, and y --> -y, which preserve both 1 and p, we may suppose that x + y > 3. Since we already know that -2 ? x ? 2 and -2 ? y ? 2, we must have 1 < x < 2 and 1 < y ? 2. Hence -1 x-Jy < 1 and so (9-(X + y)2)(9_(X _ y)2) < 0.
Since p > 0, (3.6) shows that + > 1. Hence -= 1. But then 1 = _ (4 -x2)(4-8 y2)(9_(X + y)2)(9(X -y)2) <! 0 which is a contradiction.
Conversely, if (x, y) e A, we can clearly solve for l ul, w1, w2, and z, so that d e M. -aplax -aplay O 0 0 0 2z-Neither of the first two rows can be zero on M, so the matrix has rank 2 or 3. We will suppose it has rank 2 and deduce a contradiction.
If the matrix has rank 2, then the third row must be a times the first row plus f8 time the second row, where a, f8 e R. Therefore z = 0, and so p = 0 by (3.5).
If (9-(x + y)2)(9-(x -y)2) # 0, then + 1 by 3.6, and so dp= -dr(9-(x + y)2)(9_(x _ y)2)
which is non-zero by Lemma 3.2. But since y = 1, U4 + U2 0 0 and w2 + wI # 0 by (3.3) and (3.4). Hence a =8 = 0, so that ap/&x = 0 = &p/&y.
This shows that if the rank is 2, then (9-(x + y)2)(9_(x _ y)2) 0.
By applying the symmetries x >-x and y >-y, we may assume that x + y = 3. ThenV0 = 0 and dp = 6(dx + dy)((x -y)2 -9)
which is non-zero since (x, y) e A. Therefore ap/&x = dp/&y t 0 and so both a and f8 are non-zero. But then ul-U2 = w1 w2 =0, which is impossible by (3.3), (3.4), and Lemma 4.1.
LEMMA 4.3. M is compact.
Proof. We know that M is closed. That M is bounded follows from Lemma 4.1, and equations (3.3), (3.4), (3.5).
Finding the equations for the vector field
From Section 2, we see that the vector field should preserve the level surfaces of '. We have i = (a&l/x)x + (&f/&y)y.
So we get 0 by making (x, y) proportional to (aa/&y, -a*/&x). Since we also want (x, y) to be zero when , = 0, we define We now wish to define ul, ui, w1, and w2 so as to achieve the situation shown in Figure If we define (5.8) p(x, y) = (9 + x2 -y2)y and q(x, y) = (9 -x2 + Y2)x we see that these conditions are satisfied.
Rigorous treatment of the vector field
We define a vector field X on R7as follows. Let :(x, y, Ut, u2, w1, w2, z). Recall that 0 = 0 by (5.1). Hence * is constant on each orbit.
LEMMA 6.5. On M, if + > 0, then each orbit is (diffeomorphic to) a circle. As * tends to zero, the time of first return tends to infinity.
Proof. Let (t) = (x(t), y(t), U1(t), U2(t), W(t), W2(t), z(t)) e M be a point moving under the flow at time t. Since (x, )LO, by Lemma (3.2), and since the level curves of +Y in A are simple closed curves, we see that (x(t), y(t)) traverses such a level curve, always moving in the same direction (counter-clockwise). Let 2x > 0 be the time of first return of (x(t), y(t)). 
